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a b s t r a c t
It is shown that the curve yq
2−y = x q
n+1
q+1 over Fq2n with n ≥ 3 odd, that generalizes Serre’s
curve y4+y = x3 over F64, is alsomaximal. We also investigate a family of maximal curves
over Fq2n and provide isomorphisms between these curves.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Recently Giulietti and Korchmáros constructed a maximal curve over Fq6 with q > 8, the finite field with q6 elements,
which is not covered by the Hermitian curve, giving the first example of a maximal curve having this behavior (see [15]).
Several maximal curves have been studied before this example, and either they were all covered by the Hermitian curve or
it was unknown whether they were so; see for example [1–5].
In the last twenty years, curves over finite fields have been studied intensively, due in part to their application to coding
theory coming from Goppa’s construction of codes arising from algebraic curves (see [6]).
By a curve over a field K we mean a projective non-singular algebraic curve defined over K and irreducible over the
algebraic closure K¯ of K .
A curveX of genus g defined over a finite field Fq2 with q2 elements is called maximal over Fq2 if the cardinality of the
setX(Fq2) of its Fq2-rational points attains the Hasse–Weil upper bound, that is,
#X(Fq2) = q2 + 1+ 2gq.
If the curveX is maximal of genus g , a result due to Ihara [7] states that 2g ≤ q(q−1) and Rück and Stichtenoth established
that the Hermitian curveH , whose affine model over Fq2 is given by yq+ y = xq+1, is the unique maximal curve having the
greatest genus allowed by Ihara’s result [8]. For more results about the genus of a maximal curve, see [9–12].
In this paper we study some classes of maximal curves and analyze whether or not are they Galois-covered by the
Hermitian curve.
We begin by studying the non-singular models of the curvesX(q, n) defined over Fq2n , with n ≥ 3 an odd integer, by the
affine equation
yq
2 − y = x q
n+1
q+1 .
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These curves generalize Garcia and Stichtenoth’s curves C` defined over Fq2 , where q = `3, by the affine equation
y`
2 − y = x`2−`+1;
see [13]. This generalizes the curve introduced in Serre’s lecture at AGCT-10 that is defined over F64 by y4 + y = x3. In fact,
C2 is precisely Serre’s curve. Garcia and Stichtenoth also showed in their paper that the curves C` are F` 6-maximal of genus
g(C`) = 12 (`2−1)(`2−`). These curvesC` have an interesting feature: the curveC3 is not Galois-covered by the Hermitian
curve, in contrast to the curve C2 which is Galois-covered by the Hermitian curve, as noted by Garcia and Torres [14].
In this paper it is shown that the curvesX(q, n) are maximal for any q. Note that, for q = 2 and n = 3, we obtain once
again Serre’s curve C2 whereas, for q = 3 and n = 3, we obtain the curve C3. For q = 2 it is also shown that the curves
X(2, n) are Galois-covered by the Hermitian curve.
We also explore the family of maximal curvesXb given over Fq2n by the affine equation
yN = −xb(x+ 1), 1 ≤ b ≤ N − 1,
where N is an odd divisor of qn + 1 and gcd(N, b) = gcd(N, b+ 1) = 1. Note that every curve in this family is maximal of
genus g = (N − 1)/2. An explicit isomorphism between them is found.
2. Some maximal curves
We begin this section by showing the maximality of the curvesX(q, n).
Theorem 1. The curveX(q, n) defined over Fq2n by yq
2 − y = x q
n+1
q+1 , with n ≥ 3 and odd, is maximal.
In order to prove this the following lemma is required.
Lemma 2. Let X(q, n) be the curve defined over Fq2n by yq
2 − y = x q
n+1
q+1 . Then
#{x ∈ F∗q2n | ∃y ∈ Fq2n with (x, y) ∈ X} = (qn + 1)(qn−1 − 1).
Proof. For x ∈ F∗
q2n
, there exists y ∈ Fq2n such that yq2 − y = x
qn+1
q+1 if and only if the trace map from Fq2n to Fq2 of x
qn+1
q+1 is
equal to zero. Let t = x q
n+1
q+1 6= 0, and consider the non-zero roots of the equation
tq
2(n−1) + tq2(n−2) + · · · + tq2 + t = 0
or, equivalently, the roots of
tq
2(n−1)−1 + tq2(n−2)−1 + · · · + tq2−1 + 1 = 0.
Ifw := tq2−1, we can reformulate the previous equation as follows:
p(w) := wq2(n−2)+q2(n−3)+···+q2+1 + wq2(n−3)+···+q2+1 + · · · + wq2+1 + w + 1 = 0, (1)
wherew is a root of p. Let H be the subgroup of F∗
q2n
of order q
n−1
q−1 ; then, asw = x
(qn+1)(q2−1)
q+1 , we have thatw ∈ H .
Now it is enough to show that
#{w ∈ H | w is a root of p} = q
n−1 − 1
q− 1 =: N.
Ifw ∈ H satisfies (1) thenw also satisfies the following:
(i) wq
n = w;
(ii) w
∑n−1
i=0 qi = 1;
(iii) 1+
∑n−2
i=0 w
∑i
j=0 q2j = 0.
Since n is odd, say n = 2k+ 1, (iii) can be rewritten as
k−1∑
i=0
w
i∑
j=0
q2j
+
2k−1∑
i=k
w
i∑
j=0
q2j
+ 1 = 0. (2)
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Multiplying (2) byw
∑k−1
j=0 q2j+1 , we obtain
k−1∑
i=0
w
i∑
j=0
q2j+
k−1∑
j=0
q2j+1
+
2k−1∑
i=k
w
i∑
j=0
q2j+
k−1∑
j=0
q2j+1
+ w
k−1∑
j=0
q2j+1
= 0. (3)
Let B =∑2k−1i=k w∑ij=0 q2j+∑k−1j=0 q2j+1 be the second summand in (3). It is simplified using (i) and (ii):
B = w
2k∑
j=0
qj
+
2k−1∑
i=k+1
w
2k∑
j=0
qj+
i∑
j=k+1
q2j
= 1+
2k−1∑
i=k+1
w
i∑
j=k+1
q2j
.
Using (i) again, we have that, for j ≥ k + 1, wq2j = wqn·q2j−n = wq2(j−k)−1 . Also notice that, for k + 1 ≤ j ≤ i, we have
1 ≤ 2(j− k)− 1 ≤ 2(i− k)− 1. Therefore we can simplify the last expression to get
B = 1+
2k−1∑
i=k+1
w
i−k−1∑
j=0
q2j+1
= 1+
k−1∑
i=0
w
i∑
j=0
q2j+1
.
So (3) can be reformulated:
1+
k−1∑
i=0
w
i∑
j=0
q2j+
k−1∑
j=0
q2j+1
+
k−1∑
i=0
w
i∑
j=0
q2j+1
= 0. (4)
The left-hand side in (4) is a separable polynomial in w of degree
∑2k−1
j=0 qj, and it must be shown that this polynomial has
all its roots in H . Raising (4) to the q-th power and multiplying byw,
k−1∑
i=0
w
i∑
j=0
q2j+1+
k∑
j=0
q2j
+
k−1∑
i=0
w
i+1∑
j=0
q2j
+ w = 0. (5)
Multiplying this Eq. (5) byw
∑k−1
j=0 q2j+1 , the following is obtained:
0 = w
N+
k−1∑
j=0
q2j+1
+
k−2∑
i=0
w
N+
i∑
j=0
q2j+1
+
k−1∑
i=0
w
i+1∑
j=0
q2j+
k−1∑
j=0
q2j+1
+ w
1+
k−1∑
j=0
q2j+1
= (wN − 1)w
k−1∑
j=0
q2j+1
+ w
k−1∑
j=0
q2j+1
+
k−2∑
i=0
w
N+
i∑
j=0
q2j+1
+ wN +
k−1∑
i=0
w
i∑
j=0
q2j+
k−2∑
j=0
q2j+1
.
Substituting for the last summand the expression obtained from (4),
0 = (wN − 1)w
k−1∑
j=0
q2j+1
+ wN
k−2∑
i=0
w
i∑
j=0
q2j+1
+ wN −
k−2∑
i=0
w
i∑
j=0
q2j+1
− 1
= (wN − 1)
 k−1∑
i=0
w
i∑
j=0
q2j+1
+ 1
 .
This occurs since, for 0 ≤ i < k− 1,
i∑
j=0
q2j+1 +
k∑
j=0
q2j =
2k∑
j=0
qj −
k−1∑
j=i+1
q2j+1.
If
∑k−1
i=0 w
∑i
j=0 q2j+1 + 1 = 0, then (4) reduces to
k−1∑
i=0
w
i∑
j=0
q2j+
k−1∑
j=0
q2j+1
= 0.
Hence
w
k−1∑
j=0
q2j+1 k−1∑
i=0
w
i∑
j=0
q2j
= 0.
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But
(∑k−1
i=0 w
∑i
j=0 q2j
)q = ∑k−1i=0 w∑ij=0 q2j+1 = −1, and we get a contradiction w = 0. Therefore wN = 1, and w is
in H . 
Proof of Theorem 1. Let Fq2n(x, y) be the function field ofX(q, n). The genus is g = (q−1)(q
n−q)
2 since Fq2n(x, y)/Fq2n(y) is a
Kummer extension of degree q
n+1
q+1 , the zeros of the function y
q2 − y are totally ramified, and the same happens for the place
over the pole of y.
From Lemma 2 and the fact that there exist exactly q2 rational points with y = 0 and only one rational point at infinity,
counting points gives the conclusion thatX(q, n) is a maximal curve. 
For q = 2, the curve in Theorem 1 is also given by yq+2−y = x q
n+1
q+1 . The following theorem affirms that the curve defined
over Fq2n by this equation is always maximal for all q. This result was communicated by Garcia and Torres.
Theorem 3. The curve yq+2 + y = x q
n+1
q+1 over Fq2n is covered by the Hermitian curve for an odd integer n ≥ 1.
Proof. Let H be the Hermitian curve defined over Fq2n by vq
n+1 + uqn+1 + 1 = 0 and consider the automorphism of H
given by σ(v) = v and σ(u) = auq+1, where a ∈ Fq2n is a primitive (q+ 1)-th root of unity. Then the curveX1 defined by
the equation vq
n+1+ z q
n+1
q+1 + 1 = 0, where z = uq+1, is the quotient curve ofH by this automorphism σ . Now let σ1 be the
following automorphism ofX1:
σ1(v) = bv, σ1(z) = b−1z,
where b is a primitive (qn + 1)/(q+ 1)-th root of unity. Then y = v q
n+1
q+1 and x = vz are fixed by σ1 and satisfy the equation
defining the curveX2, namely, yq+2 + y = x
qn+1
q+1 . The covering mapX1 → X2 has degree (qn + 1)/(q + 1) equal to the
order of σ1. We conclude thatX2 is the quotient curve ofX1 by the automorphism σ1. 
3. A family of maximal curves
In Example 6.4 of [11], a family of maximal curves Yb over Fq2n is constructed as fixed fields by certain subgroups of
automorphisms of the Hermitian curve. The curve Yb is given by
yN = −xb(xQ + 1), where N Q = qn + 1 and b ∈ N.
If gcd(b,N) = gcd(Q + b,N) = 1, there are exactly Q + 2 places that ramify in the extension Fq2n(x, y)/ Fq2n(x): the zero
and the pole of x, and the zeros of xQ + 1 in Fq2n . All the curves have the same genus g = 12 (N − 1)Q .
Denote by P∞ and P0 the places of Fq2n(x, y) over the pole of x and the zero of x, and by Pα the place over the zero of x−α
where αQ = −1. The principal divisors of the functions x, x− α and y in Fq2n(x, y) are
(x) = −N P∞ + N P0
(x− α) = −N P∞ + N Pα
(y) = −(b+ Q ) P∞ +
∑
αQ=1
Pα + b P0.
We suppose that Q = 1. Note that, as the curve yqn+1 = −xb(x + 1) is maximal, then for any odd divisor N of qn + 1 the
curve yN = −xb(x+ 1) is still maximal. Here we analyze the following family of maximal curves:
Xb : yN = −xb(x+ 1), (6)
where N ≥ 3 is a odd divisor of qn + 1, gcd(b,N) = gcd(b+ 1,N) = 1, and 1 ≤ b ≤ N − 2.
Theorem 4. The curveXb defined by yN = −xb (x+1) is isomorphic to the curveXc defined by zN = −wc (w+1), α, j, k ∈ Z,
where c takes one of the following values:
(i) c¯ = −b(b+ 1)−1 ∈ ZN and the isomorphism is given by
σ(x) = −w/(w + 1), σ (y) = wbj−k(b+1)/zb+1,
where Nj− α (b+ 1) = 1 and c = α b− Nk.
(ii) c¯ = −(1+ b−1) ∈ ZN and the isomorphism is given by
σ(x) = −(w + 1)/w, σ(y) = zb/wkb−j(b+1),
with α b− Nj = 1, and c = Nk− α (b+ 1).
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(iii) c¯ = −b(b+ 1)−1 ∈ ZN and the isomorphism is given by
σ(w) = −w/(w + 1), σ (y) = wk(b+1)−bj/zb+1,
with α (b+ 1)− Nj = 1 and c = Nk− α b.
(iv) c¯ = −(b+ 1) ∈ ZN and the isomorphism is given by
σ(x) = 1/w, σ(y) = z/wk−j(b+1),
with α − Nj = 1 and c = Nk− α (b+ 1).
Proof. We will only prove (i), since the proof for the others parts is analogous. Note that such α, j ∈ Z exist since
gcd(N, b+ 1) = 1. Then σ(Xb) = Xc , since
σ(y)N = −σ(x)b(σ (x)+ 1),
wNbj−Nk(b+1)
zN(b+1)
= (−1)b+1 w
b
(w + 1)b+1 ,
wα b(b+1)−Nk(b+1)(w + 1)b+1 = (−1)b+1wbzN(b+1),
wα b−Nk(w + 1) = −wbzN ,
wc(w + 1) = −zN . 
Corollary 5. For any value of b as in (6), the curveXb is isomorphic toXN−b−1.
Proof. Putting α = 1, j = 0 and k = 1 in the morphism of type (iv) in Theorem 4, we have thatXb is always isomorphic to
XN−b−1. 
Corollary 6. There exist at least three curves Fq2n-isomorphic toX1; namely,X1 itself,XN−2 andX(N−1)/2.
Proof. From Corollary 5 we have that X1 is Fq2n-isomorphic to XN−2. The morphism given in (iii) of Theorem 4 is an
Fq2n-isomorphism betweenX(N−1)/2 andX1 choosing α = 2, j = k = 1. 
Example 7. Consider the family of curves over F28 defined by y17 = xb(x+1)with b = 1, . . . , 15, in the case q = 2, n = 4.
(1) The morphism defined in Theorem 4 (i) is an isomorphism between the curvesX3 andX12 with α = 4, j = 1, k = 0.
(2) The morphism in Theorem 4 (iii) is an isomorphism between the curvesX6 andX4 with α = 5, j = 2, k = 2.
Using these facts and Corollary 5 it follows that the curves X3,X4,X6,X10, X12,X13 are all isomorphic. Analogously it
may be shown that the curvesX2,X5,X7,X9,X11,X14 are all isomorphic, as are the curvesX1,X8,X15.
Acknowledgements
We thank Arnaldo Garcia and Fernando Torres for their encouragement and many useful talks on the topic of this paper,
and especially for communicating Theorem 3 to us. We also thank the referee for the careful reading of this paper and
comments which led to improvement of the presentation.
The second author was partially supported by FAPERJ grant E-26/171.209/2006.
References
[1] M. Abdón, A. Garcia, On a characterization of certain maximal curves, Finite Fields Appl. 10 (2004) 133–158.
[2] R. Fuhrmann, A. Garcia, F. Torres, On maximal curves, J. Number Theory 67 (1997) 29–51.
[3] M. Abdón, F. Torres, On maximal curves in characteristic two, Manuscripta Math. 99 (1999) 35–53.
[4] A. Cossidente, G. Korchmáros, F. Torres, On curves covered by the Hermitian curve, J. Algebra 216 (1999) 56–76.
[5] G. Korchmáros, F. Torres, Embedding of a maximal curve in a Hermitian variety, Compositio Math. 128 (2001) 95–113.
[6] V.D. Goppa, Geometry and Codes, in: Mathematics and its Applications, vol. 24, Kluwer Academic Publisher, Dordrecht, Boston, London, 1988.
[7] Y. Ihara, Some remarks on the number of rational points of algebraic curves over finite fields, J. Fac. Sci. Tokyo 28 (1981) 721–724.
[8] H.G. Rück, H. Stichtenoth, A characterization of Hermitian function fields over finite fields, J. Reine Angew. Math. 457 (1994) 185–188.
[9] R. Fuhrmann, F. Torres, The genus of curves over finite fields with many rational points, Manuscripta Math. 89 (1996) 103–106.
[10] A. Cossidente, G. Korchmáros, F. Torres, On curves of large genus covered by the Hermitian curve, Comm. Algebra 28 (2000) 4707–4728.
[11] A. Garcia, H. Stichtenoth, C.P. Xing, On subfields of the Hermitian function field, Compositio Math. 120 (2000) 137–170.
[12] M. Abdón, L. Quoos, On the genera of subfields of the Hermitian function field, Finite Fields Appl. 10 (2004) 271–284.
[13] A. Garcia, H. Stichtenoth, A maximal curve which is not a Galois subcover of the Hermitian curve, Bull. Braz. Math. Soc. 37 (2006) 139–152.
[14] A. Garcia, F. Torres, On unramified coverings of maximal curves, in: Proceedings AGCT-10, Sémin. Congr. (in press).
[15] M. Giulietti, G. Korchmáros, A new family of maximal curves over a finite field. arXiv:0711.0445v1.
